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Abstract
Let T61; a; q and x0 be constants with a> 0; q>0 and 0<x0<a. Existence of a unique solution u is established
for the following degenerate semilinear parabolic initial-boundary value problem:
xqut − uxx = f(u(x0; t)); 0<x<a; 0<t <T;
u(x; 0) = u0(x)>0; 06x6a;
u(0; t) = u(a; t) = 0; 0<t <T;
where f and u0 are given functions. We show that under certain conditions, u blows up in a nite time, and the set of
blow-up points is the entire interval [0; a]. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let T61; a; q and x0 be constants with a> 0; q>0 and 0<x0<a. Let D = (0; a); 
t =
D  (0; t); D and 
t be their respective closures, and Lu = xqut − uxx. We consider the following
degenerate semilinear parabolic initial-boundary value problem:
Lu= f(u(x0; t)) in 
T ;
u(x; 0) = u0(x)>0 on D; u(0; t) = u(a; t) = 0 for 0<t<T;
(1)
where f 2 C2([0;1)); f(0)>0; f0(s)> 0 and f00(s)>0 for s> 0; R1z0 f−1(s) ds<1 for some
z0> 0, and u0(x) 2 C2+( D) for some constant  2 (0; 1). This describes the situation where the
nonlinear reaction takes place only at a single point x0. A solution u is said to blow up at x = ~x if
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there exists a sequence f(xn; tn)g such that (xn; tn)! ( ~x; T ) and limn!1 u(xn; tn)!1. Furthermore,
if u blows up at every point x 2 D, then the complete blow-up occurs.
Chan and Liu [5] and Floater [8] investigated the blow-up of u in the case f(u(x0; t)) replaced by
up. In the case q = 0, and f(u(x0; t)) replaced by f(u(x; t)), the complete blow-up was studied by
Baras and Cohen [1], and Lacey and Tzanetis [11]. Chadam et al. [2] studied the complete blow-up
of the solution of problem (1) with q= 0. In Section 2, we show existence of a unique solution u
for problem (1). In Section 3, we prove that under certain conditions, u blows up in a nite time,
and the set of blow-up points is the entire interval D. This extends the one-dimensional result of
Chadam, Peirce and Yin.
2. Local existence
We modify the proof of Lemma 1 of Chan and Yuen [6] to show the following comparison result.
Lemma 1. Let u(x; t) be a classical solution of the following problem:
Lu>b(x; t)u(x0; t) in 
T ;
u(0; t) = u(a; t) = 0 for 0<t<T; u(x; 0)>0 on D;
where b(x; t) is nonnegative and bounded; then u(x; t)>0 in 
T .
Proof. If b(x; t)  0; we can apply the strong maximum principle (cf. Friedman [9, p. 39]) to obtain
the conclusion immediately. For the case b(x; t) being nonnegative and nontrivial, let  be a positive
constant, and
V (x; t) = u(x; t) + (1 + x1=2)ect ;
where c is a positive constant to be determined. Let @
T denote the parabolic boundary
(f0; ag  (0; T )) [ ([0; a] f0g)
of 
T . Then, V (x; t)> 0 on @
T ; and
LV − b(x; t)V (x0;t)> L[(1 + x1=2)ect]− b(x; t)(1 + x1=20 )ect
= ect

cxq(1 + x1=2)− b(x; t)(1 + x1=20 ) +
1
4x3=2

:
Let s denote the positive zero of
1
4x3=2
− (1 + x1=20 ) max(x; t)2
T b(x; t)
and we choose
c>
(1 + x1=20 )
sq
max
(x; t)2
T
b(x; t):
Then,
LV (x; t)− b(x; t)V (x0;t)> 0 in 
T :
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Suppose V (x; t)60 somewhere in 
T . Then, the set
ft: V (x; t)60 for some x 2 Dg
is nonempty. Let t denote its inmum. Since V (x; 0)> 0, we have 0< t <T: Thus, there exists
some x1 2 D such that V (x1; t )=0 and Vt(x1; t )60: On the other hand, since V (x; t) attains its local
minimum at (x1; t ); we have Vxx(x1; t )>0: Since t is the inmum, we also have V (x0; t )>0: Thus,
0>xq1Vt(x1; t )>LV (x1; t )− b(x1; t )V (x0; t )> 0:
This contradiction shows that V (x; t)> 0 in 
T : As ! 0+; we have the lemma proved.
We modify the proof of Theorem 2 of Chan and Kong [4] for a quenching problem to establish
the following result.
Theorem 2. There exists a positive constant t0 (<T ); such that problem (1) has an upper solution
h(x; t) 2 C2;1( 
t0).
Proof. Let
<min
(
x0
a
;
a− x0
a
;
p
2x0(a− x0)
2a
)
be a positive constant to be determined. Since
p
2x0(a− x0)
2a
6
p
a2=2
2a
=
p
2
4
<
1
2
;
we have < 1=2. Let
 =
−1
(x0 − a)4[x0 − (a− a)]4
ln
"
2a22
x0(a− x0)
#
> 0;
k(x) =
x(a− x)
2a2
expf−(x − a)4[x − (a− a)]4g;
 (x) =
8>>>>><
>>>>>:
x(a− x)
2a2
; 06x<a;
k(x); a6x6a− a;
x(a− x)
2a2
; a− a<x6a:
By a direct verication,
 (x) 2 C2( D); k(x)> 0 on [a; a− a]; and k(x0) = 2:
Let
= min
a6x6(a−a)
k(x) (> 0); = max
a6x6(a−a)
k(x) (> 0):
We choose
<min
(
x0
a
;
a− x0
a
;
p
2x0(a− x0)
2a
;
1
0
)
;
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where 0 is chosen large enough such that
0 (x) + f(0)>f(u0(x));
0>a2(1 + f(0))f0(f−1(1 + f(0))): (2)
From (2), we have
0>a2(1 + f(0))f0(f−1(0+ f(0)))
>a2(1 + f(0))f0

f−1

0
(1− )
2
+ f(0)

: (3)
Let
N = max
a6x6(a−a)
jk 00(x)j (> 0); K =max

1
8
; 

;
and (t) be the solution of the initial value problem
0(t) =
N(t) + (2(t) + f(0))f0(f−1(K(t) + f(0)))
aqq
;
(0) = 0:
(4)
Although  is an increasing function of t; it follows from (3) that there exists t0 2 (0; T ) satisfying
f0

f−1

(t0)
(1− )
2
+ f(0)

6
0
a2(1 + f(0))
6
1
a2

+
f(0)
0
−1
: (5)
Let h(x; t) = f−1((t) (x) + f(0)). We note that h(x; t)> 0 in 
t0 . We would like to show that
h(x; t) is an upper solution for problem (1) in 
t0 . To do so, let us construct a function J by
J = f0(h)(Lh− f(h(x0; t))):
Then,
J = xq(f(h))t − (f(h))xx − f0(h)f(h(x0; t)) + f00(h)h2x
> xq(f(h))t − (f(h))xx − f0(h)f(h(x0; t))
= xq0(t) (x)− (t) 00(x)− f0(f−1((t) (x) + f(0)))((t) (x0) + f(0))
= xq0(t) (x)− (t) 00(x)− f0(f−1((t) (x) + f(0)))((t)2 + f(0)):
For (x; t) 2 (0; a) (0; t0),
J >
(t)
a2
− f0

f−1

(t)
(1− )
2
+ f(0)

((t)2 + f(0))
> (t)

1
a2
− f0

f−1

(t)
(1− )
2
+ f(0)

+
f(0)
(t)

> (t)

1
a2
− f0

f−1

(t0)
(1− )
2
+ f(0)

+
f(0)
0

> (t)

+
f(0)
0
"
1
a2

+
f(0)
0
−1
− f0

f−1

(t0)
(1− )
2
+ f(0)
#
;
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which by (5) is nonnegative. Similarly, we can show that J>0 in (a− a; a) (0; t0). For (x; t) 2
[a; a− a] (0; t0);
J>aqq0(t)− N(t)− f0(f−1(K(t) + f(0)))(2(t) + f(0));
which by the construction of 0(t) in (4) is zero. Thus, J>0 in 
t0 .
Since f0(h)> 0 in 
t0 , we have
Lh− f(h(x0; t))>0 in 
t0 ;
h(0; t) = h(a; t) = f−1((t)0 + f(0)) = 0; 0<t< t0;
h(x; 0) = f−1(0 (x) + f(0))>f−1(f(u0(x)))>u0(x) on D:
Hence, h(x; t) is an upper solution for problem (1).
To show existence of the classical solution u for problem (1), let us introduce a \cut-o function"
(x). By Dunford and Schwartz [7, p. 1640], there exists a nondecreasing function (x) 2 C3 such
that (x) = 0 if x60; and (x) = 1 if x>1. Let <minfx0; a=2g,
(x) =
8<
:
0; x6;
( x − 1); <x< 2;
1; x>2;
u0(x) = (x)u0(x):
We note that
@
@
u0(x) =
8<
:
0; x6;
− x20( x − 1)u0(x); <x< 2;
0; x>2:
Since  is nondecreasing, we have
@u0(x)=@60: (6)
From 06(x)61; we have u0(x)>u0(x); and lim!0 u0(x) = u0(x).
Let D=(; a); !=D (0; t0); D and ! be their respective closures, S= f; ag (0; t0). We
consider the following problem,
Lu = f(u(x0; t)) in !;
u(x; 0) = u0(x)>0 on D; u(x; t) = 0 on S:
(7)
Theorem 3. Problem (7) has a unique nonnegative solution u 2 C2+;1+=2( !): Moreover,
u6h(x; t).
Proof. By using Lemma 1, there exists at most a nonnegative solution u. To prove existence, we
use the Schauder xed point theorem. Let
X = fq(t) 2 C=2[0; t0]: q(0) = u0(x0) and 06q(t)6h(x0; t)g:
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We note that X is a closed convex subset of the Banach space C=2[0; t0] (cf. Gilbarg and Trudinger
[10, p. 68]). For any q(t) 2 X , let us consider the following linearized problem:
Lv = f(q(t)) in !;
v(x; 0) = u0(x)>0 on D; v(x; t) = 0 on S:
(8)
By construction, h(x; t) is an upper solution for problem (8). We also note that x−q 2 C;=2( !);
jx−qf(q(t))j6−qf(q(t)) for (x; t) 2 !; and u0(x) 2 C2+( D). Since 0 is a lower solution, it
follows from Theorem 4:2:2 of Ladde et al. [12, p. 143] that problem (8) has a unique solution
v(x; t; q(t)) 2 C2+;1+=2( !), which satises 06v6h(x; t). Thus, we can dene a mapping T from X
into C1+=2([0; t0]) such that T (q(t))  v(x0; t; q(t)), where v(x; t; q(t)) denotes the unique solution
of problem (8) corresponding to q(t). To use the Schauder xed point theorem, we need to verify
that T maps X into itself, and T is continuous and compact.
In fact, TX C1+=2([0; t0]), and the embedding operator from the Banach space C1+=2([0; t0]) into
the Banach space C=2([0; t0]) is compact. Therefore, T is compact. Since 06v6h(x; t); T maps
X into itself. To show that T is continuous, let us consider in X a sequence fqn(t)g converging
to q(t) uniformly in the norm jjq(t)jj=2: We know that q(t) 2 X . Let vn(x; t) and v(x; t) be the
solutions of problem (8) corresponding to qn(t) and q(t), respectively. Without loss of generality,
let us assume that
jjqn(t)jj=26jjq(t)jj=2 + 1 for any n>1:
Let
w(x; t) = v(x; t)− vn(x; t):
We have
Lw(x; t) = g(t) in !;
w(x; 0) = 0 on D; w = 0 on S;
where
g(t) = f(q(t))− f(qn(t)) =
"Z 1
0
f0(q(t) + (1− )qn(t)) d
#
(q(t)− qn(t)):
From Theorem 5:2 of Ladyzenskaja et al. [13, p. 320], there exists a positive constant C (independent
of f; q and qn) such that
jjwjj2+;1+=26Cjjg(t)jj=2
6C


Z 1
0
f0(q(t) + (1− )qn(t)) d


=2
jjq− qnjj=2:
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We note that

Z 1
0
f0(q(t) + (1− )qn(t)) d


=2
6jjf0(h)jj1 + sup
06t; ~t6t0
j R 10 [f0(q(t) + (1− )qn(t))− f0(q( ~t) + (1− )qn( ~t))] dj
jt − ~tj=2
6jjf0(h)jj1 + max
06s6h(x0 ; t0)
jf00(s)j(jjqjj=2 + jjqnjj=2)
6jjf0(h)jj1 + max
06s6h(x0 ; t0)
jf00(s)j(2jjqjj=2 + 1):
Therefore,
jjwjj2+;1+=26C

jjf0(h)jj1 + max
06s6h(x0 ; t0)
jf00(s)j (2jjqjj=2 + 1

jjq− qnjj=2:
By denition,
Tq− Tqn = w(x0; t):
Thus,
jjTq− Tqnjj=2 = jjw(x0; t)jj1 + sup
06t; ~t6t0
jw(x0; t)− w(x0; ~t)j
jt − ~tj=2
6 jjwjj1 + sup
06t; ~t6t0
jwt(x0;)jjt − ~tj
jt − ~tj=2 for some  between t and ~t
6
"
1 +
 
sup
06t; ~t6t0
jt − ~tj1−=2
!#
jjwjj2+;1+=2
6 (1 + t1−=20 )jjwjj2+;1+=2
6C 0jjq− qnjj=2;
where C 0 is a positive constant (depending on t0; ; C; f0; f00 and jjqjj=2, but independent of n). This
gives us the continuity of the mapping T . By the Schauder xed point theorem, the theorem is
proved.
Next, we modify the proofs for Lemma 2:2 and Theorem 2:3 of Floater [8] to prove the following
result on existence. Unlike his, each of our approximate solutions is shown to be in C2+;1+=2( !).
Theorem 4. There exists some t0 (<T ) such that problem (1) has a unique nonnegative solution
u 2 C( 
t0) \ C2;1((0; a] [0; t0]).
Proof. From Theorem 3, problem (7) has a unique solution u 2 C2+;1+=2( !). It follows from (6)
that u16u2 in !1 if 1>2. Therefore, lim!0 u exists for all (x; t) 2 (0; a] [0; t0].
Let u(x; t) = lim!0 u(x; t) and dene u(0; t)  0. We would like to show that u is a solution
of problem (1). For any (x1; t1) 2 
t0 ; there is a set Q = [b1; b2] [0; t2] 
t0 (where b1, b2 and t2
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are numbers with 0<b1<x0<b26a and t26t0) such that (x1; t1) 2 Q: Since u6h in Q and h is
nite, we have for any constant ~q> 1,
(i) jjujjL ~q(Q)6jjhjjL ~q(Q)6k1 for some positive constant k1,
(ii) jjx−qf(u(x0;t))jjL ~q(Q)6b−q1 jjf(h(x0;t))jjL ~q(Q)6k2 for some positive constant k2.
By Ladyzenskaja et al. [13, pp. 341{342], u 2 W 2;1~q (Q). By the embedding theorems there [13,
pp. 61 and 80], W 2;1~q (Q) ,! H;=2(Q) if we choose ~q> 2=(1 − ). Then, jjujjH;=2(Q)6k3 for some
positive constant k3 (independent of ). Now,
jjx−qf(u(x0;t))jjH;=2(Q)6 b−q1 jjf(h)jj1 + sup
(x; t)2Q
( ~x; t)2Q
f(u(x0;t))jx−q − ( ~x)−qj
jx − ~xj
+ sup
(x; t)2Q
(x; ~t)2Q
x−qjf(u(x0;t))− f(u(x0; ~t))j
jt − ~tj=2 :
Using the mean value theorem, we have
jjx−qf(u(x0;t))jjH;=2(Q)
6b−q1 jjf(h)jj1 + jjf(h)jj1jjx−qjjH;=2(Q) + b−q1 jjf0(h)jj1jjujjH;=2(Q)
6k4
for some positive constant k4 which is independent of . By Theorem 4:10:1 of Ladyzenskaja et al.
[13, pp. 351{352], we have
jjujjH 2+;1+=2(Q)6k5
for some positive constant k5 which is independent of : This implies that u; (u)t ; (u)x and (u)xx
are equicontinuous in Q. By the Ascoli{Arzela theorem, we have jjujjH 2+;1+=2(Q)6k5, and the partial
derivatives of u are the limits of the corresponding partial derivatives of u. Also, 06u6h(x; t),
and h(x; t)! 0 as x ! 0. Thus, u 2 C( 
t0) \ C2;1((0; a] [0; t0]).
By using Lemma 1, there exists at most a nonnegative solution u.
A proof similar to that of Theorem 2:5 of Floater [8] gives the following result.
Theorem 5. Let T be the supremum over t0 for which there is a unique solution u2C( 
t0) \
C2;1((0; a]  [0; t0]). Then; problem (1) has a unique nonnegative solution u2C( D  [0; T )) \
C2;1((0; a] [0; T )). If T <1; then u(x0; t) is unbounded in (0; T ).
3. Complete blow-up
Chan and Chan [3] showed that Green's function G(x; ; t− ) associated with the operator L and
the rst boundary condition exists. For ease of reference, we state their Lemmas 2 and 4 in the
following lemma.
Lemma 6. (a) For t > ; G(x; ; t − ) is continuous for (x; t; ; ) 2 ( D (0; T ]) ((0; a] [0; T )).
(b) For each xed (; ) 2 (0; a] [0; T ); Gt(x; ; t − ) 2 C( D  (; T ]).
(c) In f(x; t; ; ): x and  are in D; T>t > >0g; G(x; ; t − ) is positive.
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Our next result gives some additional properties of G(x; ; t − ).
Lemma 7. Given any x 2 D and any nite time T; there exist positive constants C1 (depending on
x and T ) and C2 (depending on T ) such that
C1<
Z a
0
G(x; ; t) d for 06t6T;
Z a
0
G(x0; ; t) d<C2 for 06t6T:
Proof. Let us consider the following auxiliary problem:
Lv= 1 in 
T ;
v(x; t) = 0 on @
T :
(9)
By Theorem 3 of Chan and Chan [3], problem (9) has a unique classical solution v given by
v(x; t) =
Z t
0
Z a
0
G(x; ; t − ) d d=
Z t
0
Z a
0
G(x; ; ) d d:
This gives
vt(x; t) =
Z a
0
G(x; ; t) d:
It follows from Lemma 6(c) that vt(x; t)> 0 for t > 0. Since v(x; t) 2 C2;1((0; a] [0; T ]), we have
vt(x; 0) =
1
xq
> 0 for 0<x6a:
Thus for any nite time T , there exists a positive constant C1 (depending on x and T ) such thatZ a
0
G(x; ; t) d>C1 for 06t6T:
Since v(x; t) 2 C2;1((0; a] [0; T ]), there exists a positive constant C2 (depending on T ) such thatZ a
0
G(x0; ; t) d<C2 for 06t6T:
The following theorem gives a sucient condition for the solution u to blow-up in a nite time.
Theorem 8. If u0(x) is suciently large in a neighborhood of x0; then the solution of problem (1)
blows up in a nite time.
Proof. Let us consider the following problem:
aqvt − vxx = f(v(x;t)) in (x0 − ; x0 + ) (0; T );
v(x; 0) = v0(x)>0 on [x0 − ; x0 + ];
v(x0 − ; t) = v(x0 + ; t) = 0 for 0<t<T;
(10)
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where v0(x)>0 on [x0 − ; x0 + ] and v0(x) is symmetric about x = x0. Let 1 be the principle
eigenvalue of
’00(x) =−1aq’(x); ’(x0 − ) = ’(x0 + ) = 0:
We claim that limx!1 (f(x)=x) = 1; otherwise there exists a positive constant N such that
limx!1 (f(x)=x)6N , which contradicts
R1
z0
f−1(x) dx<1. Since 1> 0, there exists a positive
constant k6>z0 such that
f(x)
x
>max

21;
2
2

for x>k6: (11)
Thus,
f(x)>f(x)− 1x>f(x)2 for x>k6;
which gives
R1
k6
(f(x)−1x)−1 dx<1. From Samarskii et al. [14, pp. 9{11], the solution of problem
(10) blows up in a nite time at x=x0, provided that v0(x) is large enough. Since v0(x) is symmetric
about x = x0, the solution v(x; t) achieves its maximum at x = x0. Thus,
aqvt − vxx = f(v(x;t))6f(v(x0;t)):
Next, we can choose a positive constant k7>k6−2 big enough such that
w0(x) = k7[x − (x0 − )][(x0 + )− x]>v0(x) in [x0 − ; x0 + ]:
By (11),
w000 + f(w0(x0)) =−2k7 + f(k72)>− 2k7 + k72
2
2
= 0: (12)
Let us consider the following problem:
Lw = f(w(x0; t)) in (x0 − ; x0 + ) (0; T );
w(x; 0) = w0(x)>0 on [x0 − ; x0 + ];
w(x0 − ; t) = w(x0 + ; t) = 0 for 0<t<T:
It follows from (12) and Lemma 1 that wt>0 (cf. Lemma 5 of Chan and Chan [3]). We have
aqwt − wxx>xqwt − wxx = f(w(x0; t)) in (x0 − ; x0 + ) (0; T );
w(x; 0) = w0(x)>v0(x) on [x0 − ; x0 + ];
w(x0 − ; t) = w(x0 + ; t) = 0 for 0<t<T:
Thus, w(x; t)>v(x; t) in [x0 − ; x0 + ] [0; T ), and w(x; t) blows up in a nite time. By choosing
u0(x)>w0(x) on [x0 − ; x0 + ], it follows from Lemma 1 that u(x; t)>w(x; t). Therefore, u(x; t)
blows up in a nite time, provided that u0(x) is suciently large in a neighborhood of x0.
Our next result gives the complete blow-up of the solution u.
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Theorem 9. If the solution of problem (1) blows up in a nite time T; then the blow-up set is D.
Proof. By Green's second identity,
u(x; t) =
Z a
0
qG(x; ; t)u0() d+
Z t
0
Z a
0
G(x; ; t − )f(u(x0; )) d d (13)
for any t <T . If u(x; t) blows up in a nite time T , it follows from Theorem 5 that u blows up at
least at x = x0. From (13) and Lemma 7,
u(x0; t) =
Z a
0
qG(x0; ; t)u0() d+
Z t
0
Z a
0
G(x0; ; )f(u(x0; t − )) d d
6C2aq max
x2 D
u0(x) + C2
Z t
0
f(u(x0; t − )) d:
Since u(x0; t)!1 as t ! T , we have,Z T
0
f(u(x0; T − )) d=1:
On the other hand, for any (x; t) 2 D  [0; T ),
u(x; t)>
Z a
0
qG(x; ; t)u0() d+ C1
Z t
0
f(u(x0; t − )) d
>C1
Z t
0
f(u(x0; t − )) d;
which tends to innity as t approaches T−. For ~x 2 f0; ag; we can always nd a sequence f(xn; tn)g
such that (xn; tn)! ( ~x; T ) and limn!1 u(xn; tn)!1. Thus, the blow-up set is D:
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